A glued Riemannian space is obtained from Riemannian manifolds M 1 and M 2 by identifying their isometric submanifolds B 1 and B 2 . A curve on a glued Riemannian space which is a geodesic on each Riemannian manifold and satisfies certain passage law on the identified submanifold B :¼ B 1 G B 2 is called a B-geodesic. Considering the variational problem with respect to arclength L of piecewise smooth curves through B, a critical point of L is a B-geodesic. A B-Jacobi field is a Jacobi field on each Riemannian manifold and satisfies certain passage condition on B. In this paper, we extend the Morse index theorem for geodesics in Riemannian manifolds to the case of a glued Riemannian space.
Introduction
In Riemannian manifolds, various results have been given on geodesics by many authors. Recently, N. Innami studied a geodesic reflecting at a boundary point of a Riemannian manifold with boundary in [5] . Let M be a Riemannian manifold with boundary B which is a union of smooth hypersurfaces. A curve on M is said to be a reflecting geodesic if it is a geodesic except at reflecting points and satisfies the reflection law. He dealt with the index form, conjugate points and so on, as in the case of a usual geodesic. Moreover, in [6] , he generalized these to the case of a glued Riemannian manifold which is a space obtained from Riemannian manifolds with boundary by identifying their isometric boundary hypersurfaces. Some collapsing Riemannian manifolds are considered to be a kind of glued Riemannian manifolds. In [10] the author gave the definition of a glued Riemannian space which is obtained from Riemannian manifolds by identifying their isometric submanifolds B 1 and B 2 and is a generalization of a glued Riemannian manifold. A curve on a glued Riemannian space which is a geodesic on each Riemannian manifold and satisfies certain passage law on the identified submanifold B :¼ B 1 G B 2 was called a B-geodesic. Considering the variational problem with respect to arclength L of piecewise smooth curves through B, a critical point of L is a B-geodesic. Also, the definitions of the index form of B-geodesics, B-Jacobi fields and B-conjugate points were given. A B-Jacobi field is a Jacobi field on each Riemannian manifold and satisfies certain passage condition on B. The purpose of this paper is to generalize the Morse index theorem for geodesics to the case of a glued Riemannian space. In Section 1, we review fundamental definitions, and results ( [10] ) on a glued Riemannian space. In Section 2, we give a precise statement of a Morse index theorem for B-geodesics, which relates the number of B-conjugate points on a B-geodesic g, counted with their multiplicities, to the index of g, and prove this theorem. Moreover, we make a comparison of the indices of Bgeodesics in di¤erent glued Riemannian spaces, in Section 3.
The author would like to express his sincere gratitude to Professor N. Abe for suggesting this problem and his helpful advice.
Preliminaries
Let N m and M l be manifolds (possibly with boundary) for m ¼ 1; . . . ; k and l ¼ 1; . . . ; l. We allow the case where dim N m 0 dim N n and dim M k 0 dim M l for m 0 n and k 0 l. A map j : N ! M from the topological direct sum N :
M l is smooth if jjN m is smooth. A tangent bundle TM of M is the direct sum TM ¼ TM 1 ' Á Á Á ' TM l , where TM l denotes the tangent bundle of M l . We note that a tangent bundle TM on M is not constant rank vector bundle on M. We put T p M :¼ T p M l for p A M l . We define a map p M : TM ! M by
A vector field V on M is a map V : M ! TM such that p M V ¼ id M , where id M is the identity map on M. If V jM l : M l ! TM l is smooth vector field on each M l , then V is smooth. Let I m be a closed interval in R which is a manifold with boundary, for m ¼ 1; . . . ; k. A map a : I :¼ I 1 ' Á Á Á ' I k ! M is called a curve on M if a is smooth.
Let M l be a manifold (possibly with boundary) with a submanifold B l for l ¼ 1; 2 and c a di¤eomorphism from B 1 to B 2 . A glued space M ¼ M 1 U c M 2 is defined as follows: M is the quotient topological space obtained from the topological direct sum M ¼ M 1 ' M 2 of M 1 and M 2 by identifying p A B 1 with cðpÞ A B 2 . We allow the case where
where c is the empty map. Let p : M ! M be the natural projection which is defined by pðpÞ ¼ ½ p, where ½ p is the equivalence class of p. Let N l be a manifold with a submanifold C l ðl ¼ 1; 2Þ, t : C 1 ! C 2 a di¤eomorphism and N ¼ N 1 U t N 2 a glued space. A glued smooth map j : N ! M on N derived from a smooth map j : N ! M or, simply, a smooth map on N is defined by j ¼ p j. We note that a glued smooth map on N is considered as a map on N which, possibly, take two values at ½ p ðp A C l Þ. A glued smooth map j is continuous if jð pÞ ¼ jðtðpÞÞ holds for any p A C 1 .
A glued tangent bundle TM of M is the glued space TM 1 U c Ã TM 2 , where c Ã : TB 1 ! TB 2 is the di¤erential map of c. Letp p : TM ! TM be the natural projection which is defined byp pðvÞ ¼ ½v, where ½v is the equivalence class of v.
We note that p p M ¼ p M p p holds. A glued vector field V : M ! TM on M derived from a vector field V on M or, simply, a vector field on M is defined by V ¼p p V . A glued vector field V is called a smooth glued vector field provide V is glued smooth. If a glued vector field V on M is continuous, then we can regard it as a cross section of TM over M; that is p M V ¼ id M . Similarly, we can define a glued vector field (or vector field ) along a curve a :
we define an equivalence relation @ as follows: The definition of the smoothness of a tensor field on M is similar to that of a vector field on M. Similarly, we can define the equivalence relation on T r; s ðMÞ induced from those on TM and T Ã M, and denote the quotient space by T r; s ðMÞ. Letp p : T r; s ðMÞ ! T r; s ðMÞ be the natural projection. A glued tensor field T derived from a tensor field T on M is defined by T ¼p p T. A glued tensor field T derived from a tensor field T on M is (glued ) smooth if T is smooth. Definition 1.1. Let ðM l ; g l Þ be a Riemannian manifold with a Riemannian submanifold B l for l ¼ 1; 2 and c an isometry from B 1 to B 2 . Let g be the metric on M which is defined to be
and a glued metric g on M derived from g which is a glued tensor field derived from the ð0; 2Þ-tensor field g.
We note that, for any glued smooth vector fields V and W on M derived from smooth vector fields V and W on M, respectively, a map gðV ; W Þ : M ! R defined by A subspace T g W t 0 ð p; qÞ in T g W t 0 is defined by
For l ¼ 1; 2, let R l be the Riemannian curvature tensor of a Riemannian manifold M l defined as 
, where Y T is tangent to a and Y ? is perpendicular to a, that is,
If a is a B-geodesic, then ðY The index form I g :
is the symmetric bilinear form defined as
Thus there is no loss of information in restricting the index form I g to
We write I for the restriction of the index form I g to this. Let pr 1 :
0 ðt 0 þ 0Þg be orthogonal projections. For proofs of Lemmas without the proof in this section we refer the reader to [10] . The following holds: Lemma 1.2. Let g A W t 0 ðp; qÞ be a B-geodesic with g 0 ðt 0 þ 0Þ B T gðt 0 Þ B. If Y and W A T g W t 0 ð p; qÞ have breaks a 1 < Á Á Á < t 0 ¼ a j < Á Á Á < a k , then we have that a morse index theorem for geodesics Let g A W t 0 be a B-geodesic. If it holds a a t 1 < t 2 a t 0 , we set T g j ½t 1 ; t 2 W ¼ fY j vector fields along g j ½t 1 ; t 2 g. Then we define the mapĨ I g j ½t 1 ; t 2 :
for all Y ; W A T g j ½t 1 ; t 2 W. If it holds t 0 < t 1 < t 2 a b, we set T g j ½t 1 ; t 2 W ¼ fY j vector fields along g j ½t 1 ; t 2 g. Then we define the mapĨ I g j ½t 1 ; t 2 : If Y is a B-Jacobi field along g, then we have that Let g A W t 0 be a B-geodesic with g 0 ðt 0 þ 0Þ B T gðt 0 Þ B. We say that gðt 2 Þ ðt 2 A ða; bÞ is a B-conjugate point to gðt 1 Þ ðt 1 A ½a; bÞ; t 1 < t 2 Þ along g if there exists a B-Jacobi field Y along g such that Y ðt 1 Þ ¼ 0, Y ðt 2 Þ ¼ 0 and Y j ½t 1 ; t 2 is nontrivial.
B-conjugate points in M 1 are always usual ones but the converse is not true in general. We give an example which shows this:
and g 1 is a Riemannian metric induced from the natural Euclidean metric of E 3 and g 2 is the natural Euclidean metric of E 3 . We defined a B-geodesic g : ½Àp=2; þyÞ ! M by We define the function r K : ½a; b ! R and f K : ½a; b ! R by
and
respectively.
Lemma 1.4. Let g A W t 0 be a B-geodesic with g 0 ðt 0 þ 0Þ B T gðt 0 Þ B. Then there areã a andb b ða aã a < t 0 <b b a bÞ such that gðtÞ is not a conjugate point to gðã aÞ for any t A ðã a; t 0 and gðtÞ is not a B-conjugate point to gðã aÞ for any t A ðt 0 ;b b.
To show this lemma it is necessary to use the following proposition: a morse index theorem for geodesicsProposition ( [11] ). Let g A W t 0 be a B-geodesic with g 0 ðt 0 þ 0Þ B T gðt 0 Þ B. Let K 1 be any real number such that f K 1 ðt À aÞ > 0 for any t A ða; t 0 . Let d be any real number. We assume that
Then there are no conjugate points along g j ½a; t 0 and no B-conjugate points along g j ½a;b bÞ to gðaÞ. Proof. By Lemma 1.6, we obtain that It follows that I g ðJ; JÞ a I g ðY ; Y Þ, and the equality of (1.9) holds if and only if
Index theorem
Let g A W t 0 be a B-geodesic with g 0 ðt 0 þ 0Þ B T gðt 0 Þ B. Given a B-conjugate point gðcÞ, a < c a b, to gðaÞ, its multiplicity (or order)m m is defined to be the dimension of the space of all B-Jacobi fields along g which vanish at a and c. We note that if gðcÞ is not B-conjugate point to gðaÞ, the multiplicity of gðcÞ is zero. Moreover, we note that, for B-conjugate point gðcÞ ða < c < t 0 Þ to gðaÞ, (the multiplicity of gðcÞ) a (the multiplicity of gðcÞ as a conjugate point), since B-conjugate points in M 1 are always usual ones but the converse is not true. We assume that gðt 0 Þ is not conjugate point to gðaÞ, thenm m a m 2 À 1 since dim J g and m 2 ¼ dim M 2 (see [10] ). In general, given a symmetric bilinear form I on a vector space V , the index iðI Þ, the augmented index aðI Þ and the nullity nðI Þ of I are defined by iðI Þ :¼ the maximum dimension of those subspaces of V on which I is negative definite; aðI Þ :¼ the maximum dimension of those subspaces of V on which I is negative semi-definite; nðI Þ :¼ dimfv A V j I ðv; wÞ ¼ 0 for all w A V g.
Lemma 2.1 ([7]
). If I is a symmetric bilinear form on a finite-dimensional vector space V, then aðI Þ ¼ iðI Þ þ nðI Þ. g W t 0 ð p; qÞ. The purpose of this section is to give a proof of the index theorem: Theorem 2.2 (Index theorem). Let g A W t 0 ð p; qÞ be a B-geodesic such that g 0 ðt 0 þ 0Þ B T gðt 0 Þ B and gðt 0 Þ is not conjugate point to gðaÞ. Then there are only finitely many points gðt 1 Þ; . . . ; gðt m Þ ða < t 1 < Á Á Á < t m < t 0 Þ which are conjugate to gðaÞ along g j ½a; t 0 and finitely many points gðt mþ1 Þ; . . . ; gðt l Þ ðt 0 < t mþ1 < Á Á Á < t l < bÞ other than gðbÞ which are B-conjugate to gðaÞ along g. Let m i be the multiplicity of gðt i Þ ði ¼ 1; . . . ; mÞ as a conjugate point to gðaÞ andm m i ði ¼ 1; . . . ; lÞ the multiplicity of gðt i Þ. Then it holds that
We give an example where
Example 2. In example 1, gðp=2Þ is a conjugate point to gðÀp=2Þ but not a B-conjugate point. Let m 1 be the multiplicity of gðp=2Þ as a conjugate point to gðÀp=2Þ andm m 1 the multiplicity of gðp=2Þ. Then it holds that Proof. By Lemma 1.3, we have
This proves (1) and (2) . r Lemma 1.4, we can take a subdivision a ¼ a 0 < a 1 < Á Á Á < a j ¼ t 0 < a jþ1 < Á Á Á < a k < a kþ1 ¼ b of the interval ½a; b such that gðtÞ is not a conjugate point to gða i Þ for any t A ða i ; a iþ1 ði ¼ 0; 1; . . . ; j À 2; j þ 1; . . . ; kÞ, gðtÞ is not a conjugate point to gða jÀ1 Þ for any t A ða jÀ1 ; t 0 and gðtÞ is not a B-conjugate point to gða jÀ1 Þ for any t A ðt 0 ; a jþ1 . We set
g W t 0 ðp; qÞ j Y is a Jacobi field along g j ½a i ; a iþ1 for i ¼ 0; . . . ; j À 2; j þ 1; . . . ; k and a B-Jacobi field along g j ½a jÀ1 ; a jþ1 g:
Let Nða i Þ be the normal space to g at gða i Þ, that is,
and define a linear map To show that N is surjective, it su‰ces to prove that, given vectors v i at gða i Þ and v iþ1 at gða iþ1 Þ, there is a Jacobi field Y along g j ½a i ; a iþ1 which extends v i and v iþ1 for i ¼ 1; . . . ; j À 2; j þ 1; . . . ; k À 1, and given vectors v jÀ1 at gða jÀ1 Þ and v jþ1 at gða jþ1 Þ, there is a B-Jacobi field Y along g j ½a jÀ1 ; a jþ1 which extends v jÀ1 and v jþ1 . Since gða iþ1 Þ is not conjugate point to gða i Þ, Y 7 ! ðv i ; v iþ1 Þ defines a linear isomorphism of the space of Jacobi fields along g j ½a i ; a iþ1 into the direct sum of the tangent spaces at gða i Þ and gða iþ1 Þ for i ¼ 1; . . . ; j À 2; j þ 1; . . . ; k À 1. Moreover since gðt 0 Þ and gða jþ1 Þ are not conjugate points to gða jÀ1 Þ, Y 7 ! ðv jÀ1 ; v jþ1 Þ defines a linear isomorphism of the space of B-Jacobi fields along g j ½a jÀ1 ; a jþ1 into the direct sum of the tangent spaces at gða jÀ1 Þ and gða jþ1 Þ. Since they are linear isomorphisms of a vector space into a vector space a morse index theorem for geodesicsof the same dimension (cf. Lemma 1.5), it must be surjective. This completes the proof of (1).
(2) With the notations in the Section 1, we have 
Since Y is a Jacobi field along g j ½a i ; a iþ1 for i ¼ 0; . . . ; j À 2; j þ 1; . . . ; k and a B-Jacobi field along g j ½a jÀ1 ; a jþ1 , we have that Lemma 2.6. For any finite number of conjugate points gðt 1 Þ; . . . ; gðt m Þ ða < t 1 < Á Á Á < t m < t 0 Þ to gðaÞ along g j ½a; t 0 with multiplicity m 1 ; . . . ; m m as conjugate points and B-conjugate points gðt mþ1 Þ; . . . ; gðt l Þ ðt 0 < t mþ1 < Á Á Á < t l < bÞ to gðaÞ along g with multiplicitym m mþ1 ; . . . ;m m l , we have
Proof. , i ¼ 1; . . . ; l, along g are linearly independent and that I g is negative semi-definite on the space spanned by them. Suppose
where
Since Y 1 ; . . . ; Y lÀ1 vanish on g j ½t lÀ1 ; b, Y l must vanish along g j ½t lÀ1 ; t l . Being a B-Jacobi field or a Jacobi field along g j ½a; t l , Y l must vanish identically along g, since gðt 0 Þ is not a conjugate point to gðaÞ. Thus, c
Continuing this argument, we obtain c lÀ1 1
¼ 0, and so on. To prove that I g is negative semi-definite on the space spanned by
where each Y i is a linear combination of Y 
For each pair ði; sÞ with s a i, we shall show that Let g r denote the restriction of g to the interval ½a; b r , where b r ¼ rb þ ð1 À rÞa for 0 < r a 1. Thus g r : ½a; b r ! M is a B-geodesic from gðaÞ to gðb r Þ if ðt 0 À aÞ=ðb À aÞ < r a 1 and a geodesic in M 1 if 0 < r a ðt 0 À aÞ=ðb À aÞ. Let I r denote the index form associated with this B-geodesic or geodesic. Thus iðI 1 Þ is the index which we are actually trying to compute. First note that:
Assertion (1). iðI r Þ ¼ 0 for small values of r. (cf. [8] ) Assertion (2) . iðI r Þ is a monotone function of r.
In fact, if r < r 0 then there exists a iðI r Þ dimensional space V of vector fields along g r which vanish at a and b r such that the index form I r is negative definite on this vector space. Each vector field in V extends to a vector field along g r 0 which vanishes identically between b r to b r 0 . Thus we obtain a iðI r Þ dimensional vector space of vector fields along g r 0 on which I r 0 is negative definite. Hence iðI r Þ a iðI r 0 Þ. r Now let us examine the discontinuity of the function iðI r Þ. First note that iðI r Þ is continuous from the left:
Assertion (3). For all su‰ciently small e > 0 we have iðI rÀe Þ ¼ iðI r Þ.
Proof. According to (3) of Lemma 2.5 the number iðI 1 Þ can be interpreted as the index of a quadratic form on a finite dimensional vector space L 1 ¼ Lða 0 ; . . . ; a kþ1 Þ. If b r 0 t 0 , we may assume that the subdivision is chosen so that say a i < b r < a iþ1 . Then the index iðI r Þ can be interpreted as the index of a corresponding quadratic form I r on a corresponding vector space L r of broken BJacobi fields or Jacobi fields along g r . This vector space L r is to be constructed using the subdivision a < a 1 < Á Á Á < a i < b r of ½a; b r . Since a broken B-Jacobi field or a Jacobi field is uniquely determined by its values at the break points gða m Þ, this vector space L r is isomorphic to the direct sum
by a map N r : L r ! N r defined to be
Note that this vector space N r is independent of r. Evidently, by Lemma 1.2, the quadratic form B r :¼ I r N À1 r on N r varies continuously with r. Now B r is negative definite on a subspace V H N r of dimension iðB r Þ. For all r 0 su‰ciently close to r it follows that B r 0 is negative definite on V. Therefore iðB r 0 Þ b iðB r Þ. But if r 0 ¼ r À e < r then we also have iðB rÀe Þ a iðB r Þ by Assertion (2). Hence iðB rÀe Þ ¼ iðB r Þ. r Assertion (4). For all su‰ciently small e > 0 we have
Proof that iðI rþe Þ a iðI r Þ þ nðI r Þ. Let B r and N r be as in the proof of Assertion (3). Since dim N r < y we see that B r is positive definite on some subspace V 0 H N r . For all r 0 su‰ciently close to r, it follows that B r 0 is positive definite on V 0 . Hence The index Theorem 2.2 clearly follows from the Assertion (1), (2), (3) and (4) . r
Comparison theorem
Let ðM l ; g l Þ (resp. ðM l ; g l Þ) be Riemannian manifold with Riemannian submanifold B l (resp. B l ) for l ¼ 1; 2, and c (resp. c) isometry from B 1 to B 2 (resp. B 1 to B 2 ). Let ðM; gÞ ¼ ðM 1 ; g 1 Þ U c ðM 2 ; g 2 Þ and ðM; gÞ ¼ ðM 1 ; g 1 Þ U c ðM 2 ; g 2 Þ be glued Riemannian spaces. We put B :¼ B 1 G B 2 and B :¼ B 1 G B 2 and assume that dim B > 0 if dim B > 0. Let g A W t 0 (resp. g A W t 0 ) be a B-geodesic (resp. B-geodesic) with g 0 ðt 0 þ 0Þ B T gðt 0 Þ B (resp. g 0 ðt 0 þ 0Þ B T gðt 0 Þ B). We assume that gðt 0 Þ (resp. gðt 0 Þ) is not conjugate point to gðaÞ (resp. gðaÞ). For l ¼ 1; 2, let R l (resp. R l ) be the Riemannian curvature tensor of Riemannian manifold M l (resp. M l ). We define operators R Similarly, a bar is used to distinguish objects in M from the corresponding objects in M. We put G 2 ðg 0 Þ :¼ T gðt 0 Þ B l Spanfnor 2 g 0 ðt 0 þ 0Þg, G The condition that dim M l a dim M l ðl ¼ 1; 2Þ is necessary. We give an example which shows that: Example 3. Let S m ð1Þ be the m-sphere of constant curvature 1 and g a geodesic on S m ð1Þ. Let e 1 ðtÞ; e 2 ðtÞ; . . . ; e mÀ1 ðtÞ; g 0 ðtÞ be a parallel orthonormal frame along g. Let t be the geodesic through gð0Þ with t 0 ð0Þ ¼ e 1 ð0Þ. We put In [11] , the following assertion is given without the assumption that dim M l a dim M l ðl ¼ 1; 2Þ: Corollary 3.2. We assume that dim M l a dim M l ðl ¼ 1; 2Þ and the following conditions hold:
(1) For any t A ½a; b, ðthe maximal eigenvalue of R l t Þ a ðthe minimal eigenvalue of R l t Þ a morse index theorem for geodesics
